Introduction
The study of partially ordered and lattice-ordered groups arose from three distinct sources.
The first source is functional analysis; in particular, the study of real-valued functions on a topological space. Besides the addition of functions, it also took into consideration the pointwise ordering. Classes of continuous, differentiable, piecewise linear, piecewise continuous, and piecewise differentiable functions are especially natural classes that are included in the study. For an extensive account of this work, see [59] .
The second source came from lectures by Philip Hall in Cambridge and A. I. Malcev in Novosibirsk. These focused on finding necessary and sufficient conditions for a group to be orderable. This leads to a study which is, by its nature, primarily group theoretic. In this light, latticeordered groups can be seen as groups with operators, which connect them up with universal algebra in a natural way.
The third source came from generalisations of valuation theory. This was initiated by Paul F. Conrad (among others) in his Ph.D. thesis under Reinhold Baer. Through his work with his research/post-doctoral students John Harvey and W. Charles Holland, this lead to the study of the structure theory for abelian lattice-ordered groups and later to the structure theory in the non-abelian case as well. This attempted to prove similar results to those in group theory and centred on finding necessary and sufficient conditions for the lattices of certain (convex sublattice) subgroups to be especially nice. The success of this program can be seen by the sparsity of questions that remain in this topic since 1990. In contrast to the second approach, Conrad's work focused on the importance of the lattice order as opposed to the group operation, and it was no surprise that many of the talks at the Conrad Memorial Conference in 2009 reflected this. Unfortunately, nothing as useful as the Hirsch-Plotkin radical has yet surfaced, a challenge to the next generation of researchers. One recent possibility is the Conrad soul (subgroup) for right-ordered groups introduced by Andrés Navas (see [74] and [75] ).
The ability to marry the second and third approaches was obtained as a result of W. Charles Holland's representation theorem for latticeordered groups using permutation groups. This lead to the study of varieties and quasi-varieties of lattice-ordered groups, verbal and marginal subgroups, torsion classes and similar concepts of interest to universal algebraists and group theorists alike.
To help focus research in the subject, V. M. Kopytov and N. Ya. Medvedev compiled a list of problems that had appeared scattered through the literature. This appeared in the Nikolai Ya. Medvedev Memorial Volume [53] (in Russian). Here is an English translation of that list provided initially by Medvedev himself in conversations with us. We have also added recent new problems, and provided comments where possible, with a list of solutions where known. The list is along the same lines as the famous Kourovka Note Book [83] which has been so vital in providing research topics in group theory.
Lattice-ordered groups
Those problems marked with * have comments in subsequent subsections.
We use ℓ-group as an abbreviation for lattice-ordered group. As is standard, a subdirect product of ordered groups is called a residually ordered ℓ-group. Other names for the same concept are o-approximable and representable. The class of all residually ordered ℓ-groups forms a variety which will be denoted by R = RO.
The free ℓ-group on n generators (n ∈ Z + ) is denoted by F n . A group G is called an Engel group if for all x, y ∈ G there is n ∈ Z + such that [x, n y] = 1 (where [x, n y] is a shorthand for the commutator of x followed by n y ′ s). If n ∈ Z + can be chosen independent of the pair of elements x, y ∈ G, then the group is called n-Engel (or, in Russian, boundary Engel).
A variety V is said to have finite rank if there is a positive integer n such that V can be defined by equations involving only x 1 , . . . , x n , and to be finitely based if it can be defined by a finite set of equations.
Open Problems
1.1. If an ℓ-group G is ℓ-simple, are all its convex normal subgroups trivial?
1.2. Find conditions on an ℓ-homomorphism for it to preserve the archimedean property.
1.3. Describe all lattice orders on the free soluble ℓ-group on a finite number n (> 1) of generators.
If
H is a countable ℓ-group, is there an abelian ℓ-group G that is isomorphic to H as a lattice?
1.5
* . Can the lattice order on a free ℓ-group be extended to a weakly abelian total order? 1.6. For any even positive integer k, does there exist an ℓ-group admitting exactly k distinct lattice orders? (cf. Problem 3.24) [17] ) Is the variety of ℓ-groups generated by all nilpotent ℓ-groups finitely based?
1.53. Study the structures (G, u) where G is an ℓ-group and u is a constant symbol/element of G satisfying the non-first-order sentence (∀g ∈ G)(∃n = n(g) ∈ Z + )(u −n ≤ g ≤ u n ). These are closely related to algebras arising from many-valued logics. In particular, characterise and classify the finitely generated projectives in this class (and the finitely presented objects in the equivalent category of MV-algebras).
1.57
* . (G. Sabbagh) What can one say about quasi-finitely axiomatisable (QFA) ℓ-groups, abelian ℓ-groups and totally ordered groups. (A finitely generated model G of an algebraic theory T is said to be QFA if there is a sentence σ which holds in G such that every finitely generated model of T which satisfies σ is isomorphic to G).
Solved Problems
About an eighth of the problems that appeared originally in [53] have now been solved. We have removed these from the original list. We list them here with references for their solutions. 1.43. Is it possible to embed a recursively generated ℓ-group with soluble word problem in a finitely presented ℓ-group (the finite presentation being under the group and lattice operations)? Can a recursively generated ℓ-group be ℓ-embedded in a finitely presented ℓ-group iff it can be defined by a recursively enumerable set of relations?
Yes to both questions. Any recursively generated ℓ-group that is ℓ-embeddable in a finitely presented ℓ-group must be defined by a recursively enumerable set of relations. The converse follows from [29] since every such ℓ-group can be embedded in a finitely generated ℓ-group that is defined by a recursively enumerable set of relations (see [29] ). This answers the second question and hence the first. Also see [31] for an algebraic characterisation of recursively generated ℓ-groups with soluble word problem.
Comments
Partial answers have been provided to some of the questions. We now list these.
1.5. V. M. Kopytov [49] proved that the lattice order on a free ℓ-group is extendable to a total order. 1.7. Yes if the abelian group has size at most the continuum, since it can then be embedded in R and hence made into an archimedean totally ordered group. 1.16. The free abelian ℓ-group on a finite number n of generators has undecidable theory iff n ≥ 3 (A. M. W. Glass, A. J. Macintyre, F. Point [33] ).
1.17. The free ℓ-group on n generators has soluble word problem (W. Ch. Holland, S. H. McCleary [39] ). Hence, the subtheory
1.18. Finitely generated free abelian ℓ-groups with distinct ranks are not elementary equivalent (A. M. W. Glass, A. J. Macintyre, F. Point [33] ).
1.20. For partial results see [26] . A positive answer implies a positive answer for Problem 1.22.
1.26. The word problem for such ℓ-groups is soluble (V. M. Kopytov [48] ).
1.27. If the variety contains all metabelian ℓ-groups, then it fails the amalgamation property by the example of K. R. Pierce [77] . S. A. Gurchenkov [35] proved that if a variety of ℓ-groups V satisfies the amalgamation property, then V ⊂ R.
1.28. Varieties of ℓ-groups generated by Aut(Ω, ≤) were described by W. Ch. Holland [38] .
1.32. The set of all ℓ-subvarieties of R without covers (in R) has at least 6 elements (N. Ya. Medvedev [63] and N. Ya. Medvedev, S. V. Morozova [71] ).
1.36. The solubility of the word problem is preserved by free products in the variety of all abelian ℓ-groups and in the variety of all ℓ-groups that are nilpotent class n (n ∈ Z + ) by V. M. Kopytov (see comments on Problem 1.26 above). It is also preserved in the variety of all ℓ-groups (A. M. W. Glass [30] [34] ). No if we consider finitely generated abelian ℓ-groups instead of finitely presented abelian ℓ-groups. For let ξ be any irrational real number. One can view the two generator group D(ξ) := Z ⊕ Zξ as an o-subgroup of R; so D(ξ) is a dense totally ordered abelian ℓ-group. But if G and H are dense finitely generated o-subgroups of R, then G and H satisfy the same sentences iff dim(G/pG) = dim(H/pH) for all primes p [82] . Hence D(ξ) and D(η) are elementarily equivalent for all irrational real numbers ξ and η. Consequently, {D(ξ) | ξ ∈ R\Q} is an uncountable family of two generator elementarily equivalent pairwise non-isomorphic totally ordered abelian ℓ-groups in the countable language of ℓ-groups (or totally ordered groups).
1.56. Every finitely presented abelian ℓ-group is projective in the class of abelian ℓ-groups (W. M. Beynon [7] ).
1.57. A. Khelif has found an example of a QFA totally ordered group which is not prime for the theory of totally ordered groups ( [42] , Theorem 7). No such example is known for the theory of groups.
2 Right-ordered groups
Open Problems
If G is an ℓ-group, then the lattice ordering can be extended to a total ordering on G that is preserved by multiplication on the right. Indeed, the lattice ordering is the intersection of all extension right orderings of G. Furthermore, every right-orderable group can be embedded (as a group) in a lattice-orderable group. It is therefore natural to extend the study to right-ordered groups. An important class of right-ordered groups was developed by Paul F. Conrad. It satisfies the further condition:
(Indeed, m can always be taken to be 2 (see [74] ).) In his honour, such a right ordering is called a Conrad right-ordering. A right-orderable group is said to be Conrad right-orderable if it admits a Conrad right-ordering.
The following notation will be used.
If H is a subgroup of a group G, then I(H), the isolator subgroup of H, is the smallest subgroup I ⊇ H such that (n ∈ Z + , g ∈ G and g n ∈ I) implies g ∈ I.
G is an R * group if a (non-empty) product of conjugates of a nonidentity element is never the identity.
A right-orderable group G is an (OR) * group if every right partial order can be extended to a right order.
A group G is called a unique product group if for any finite non-empty subsets X, Y ⊆ G, there exists g ∈ G that can be written in a uniquely as g = xy (x ∈ X, y ∈ Y ). * . (V. V. Bludov) Let G be a right-orderable group and N be a nilpotent subgroup of G. Let P be a positive cone for some right order on G. Let N # be a minimal divisible completion of N and P # be the positive cone of a right order on N # which is an extension of the right order of N with positive cone P ∩ N. Let g ∈ N # and ≤ g denote the right order on N induced by the right order of N # with positive cone (P # ) g . Is ≤ g extendable to a right order on G?
2.31 * . (V. V. Bludov) Let G be a right-orderable group, and A a normal abelian subgroup of G. Denote by A # a minimal divisible completion of (x, a 1 , . . . , a k ) = 1? (iii) If G is a locally indicable group, is there an order-embedding of G into a right-ordered (locally indicable) group G * containing a solution of the equation w(x, a 1 
Solved Problems
Nearly a third of the original problems in the original list [53] No. Consider the right-orderable group G = x, y, z | x 2 = y 3 = z 7 = xyz (see G. M. Bergman [6] ). Since G is finitely generated, it has a maximal proper right relatively convex normal subgroup N. Since G = [G, G] (see [6] ), G/N is non-abelian. Let ζ(G) be the centre of G. It follows from the defining relations of G, that x 2 , y 3 , z 7 ∈ ζ(G).
Hence G/N is nonabelian, has no non-trivial normal right relatively convex subgroups, and has a proper non-trival centre. No. P. A. Linnell [54] . (Although there is an error in the proof of Lemma 2.3, this does not affect the proof of Theorem 1.3. which gives a negative answer to 2.18). Subsequently, A. Navas-Flores independently obtained the result from a more dynamical approach when the group is countable (see [74] ), and then in the general case with C. Rivas (see [75] ). In contrast, R. N. Buttsworth constructed orderable groups with countably many two-sided orders [25] . [20] . It follows now from a result of V. P. Belkin, V. A. Gorbunov [4] that the lattice of quasi-varieties of right orderable groups contains no maximal elements.
Comments

Examples of R
* -groups which are not two-sided orderable are known ( [12] , [73] , [23] ) but they are all right orderable.
2.10. Some properties of retractable groups were obtained in [10] .
2.11. A. I. Malcev [61] and B. H. Neumann [76] proved that the group ring of a two-sided orderable group is embeddable in a Skew field.
2.12. The analogous questions for two-sided orderable and ordered groups were solved positively in, respectively, [24] and [14] . V. V. Bludov has shown that there are two-sided orderable centre-by-metabelian groups which cannot be embedded in any divisible two-sided orderable groups [15] .
2.13. V. V. Bludov and A. M. W. Glass have shown that this can always be done with abelian in place of locally nilpotent [20] . Moreover, S. A. Gurchenkov has shown that the answer is always positive for two-sided orderable groups [36] .
2.14. Examples of perfect (G = [G, G]) finitely generated right-orderable groups were found by G. M. Bergman [6] .
The analogous question for O
* -groups was solved positively by A. I. Kokorin [44] and M. I. Kargapolov [40] (see also [46] ).
2.19.
There is a universal finitely presented right-orderable group, and ditto for right ordered (V. V. Bludov, A. M. W. Glass [20] ). If we ask the same question for finitely generated right-ordered groups or finitely generated two-sided totally ordered abelian groups, the answer is trivially No: Let ξ be any irrational real number and let D(ξ) be the totally ordered abelian ℓ-group described in the comments to Problem 1.54. If there were a universal countable right-ordered group, say U, then we could o-embed D(ξ) in U. Let u(ξ), v(ξ) be the images of 1 and ξ in U. As ξ varies, since U is countable, there is an uncountabe set X such that u(ξ) = u(η) for all ξ, η ∈ X. But for distinct ξ, η ∈ X, u(ξ), v(ξ) and u(η), v(η) are not isomorphic, so v(ξ) = v(η). Thus U contains continuum many elements {v(ξ) | ξ ∈ X}, a contradiction. The same argument applies to show that there is no universal countable totally ordered group.
We do not know if there is a universal countable totally orderable group.
2.21. The converse is true (A. H. Rhemtulla [79] and J. S. Ault [2] ). In an e-mail to us, A. Navas has asked the weaker question: If G is right orderable and every right order on G is a Conrad right order, then is G locally residually nilpotent? 2.31. This is true for orderable groups (C. D. Fox [27] ). Although one can embed a right-orderable group in a right orderable group with divisible abelian subgroup A # (see comments to Problem 2.13), the construction in [20] does not respect the normality of A # . 
Totally ordered groups
Finally, we consider questions involving the class of ordered (or orderable) groups. These are special cases of both ℓ-groups (with total order) and right-ordered groups (where the order is also preserved by multiplication on the left).
Further notation: A group G is said to be an O * -group if every partial order on G can be extended to a total order on G making G a totally ordered group (or o-group, for short).
A subgroup H of a group G is called infrainvariant if for each g ∈ G, either H ⊆ g −1 Hg or g −1 Hg ⊆ H. (ii) If G is also nilpotent-by-abelian, is G order-embeddable in a divisible ordered group? 3.33. (V. V. Bludov) Let G be an ordered group G that can be orderembedded in a divisible ordered group. We say that G * is a minimal divisible completion of G if G * = I(G). Let D G be the class of all minimal divisible completions of G.
(i) Does there exist a group K ∈ D G such that for any H ∈ D G there is a homomorphism of K onto H that is the identity on G?
(ii) The same question for metabelian G.
Solved Problems
Again, about an eighth of the problems in the original list have now been solved. 3.14. If G is an orderable nilpotent-by-abelian group, can it be embedded in a divisible such? The same question with ordered in place of orderable and the embedding an o-embedding.
No to both parts (V. V. Bludov [15] ).
Comments
3.1. A torsion-free group with a single defining relation admits a Conrad right order (S. D. Brodsky [9] 3.24. If k = 4n, then there is a metabelian group G k with exactly 2k orders (V. M. Kopytov [47] ). In [67] , N. Ya. Medvedev constructed groups G k for k = 2(4n + 3). But the existence of a group G 10 (with exactly 10 total orders) and G 18 with exactly 18, for example, remain open.
3.25. There is no non-empty finite subset S ⊂ F with a unique right order on F under which all elements from S are strictly positive (S. H. McCleary [60] ). 3.32. V. V. Bludov has shown that the answer is yes if G is metabelian [14] and no for arbitrary ordered groups [15] . Also see the comments to Problem 3.14.
